(1)
• • • , a_2, a_i, a0, «i, 0-2, • • • , be a doubly infinite sequence with which we associate the generating Laurent series (2) + 00
X a"z* =/(z).
¡1=-00
We now consider the following definition due to Schoenberg has only non-negative minors (of all finite orders, with any choice of rows and columns). Some of our statements will be simplified if we also introduce the following definition. where w is an integer, not necessarily positive. We say that (1) has the property (P) if A^X), for all m and all «^0. Whenever we say that a Laurent series has the property (P), we mean that the sequence of its coefficients has this property.
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By a lemma of Fekete [7, p. 558] , every sequence with the property (P) is also totally positive in the following strict sense: all the finite minors of (3) are actually positive.
In the special case We are now able to answer this question by proving that, in the general case,/(z) has exactly the form conjectured by Schoenberg [8; p. 367]:
Theorem. Let (1) be a totally positive sequence. If this sequence does not coincide with a sequence of the form (6) M+°° (a>0, p>0), then the Laurent series (2) converges in some ring H < ( % | < rs (0 £ ri < n), and the analytic continuation of (2) is of the form M. " + , nil (i + «*) n-iii + is,*-1)
wAere /c is a« integer (not necessarily positive), C^O, Ci^O, c_i^0, a,^0, f5,è0,7»à0, 5,^0, E"-i (a,+/3,+7» + i»)< + ».
1. Terminology and notation. From this point on, we adopt the following conventions.
We say that (1) is normalized if (i) its generating Laurent series (2) converges in the ring (ii) f(z)^0, wä«k |z| =1.
In our proofs, the special case
plays an important part; we shall refer to it as the symmetrical case. The abbreviation "n.t.p. sequence" stands for normalized, totally positive sequence. By C", Em\ ■ • • we mean determinants obtained by replacing, in A^\ the o's, respectively, by c's, e's, • • • .
We shall have to consider a number of convergent series, namely Z«»> Zr*. Z^. Z^< the summations are always to be extended from v=l to v= -\-<x>. The terms of all these series are always non-negative and less than one.
By quasi-entire function we mean a single-valued function which is regular everywhere except perhaps at infinity an'd at the origin. A quasi-meromorphic function is the ratio of two quasi-entire functions.
2. Remarks on the property (P).
Lemma 1. Let (1) be normalized. To every w(^l) there corresponds at least one integer m(not necessarily positive) such that A^t^O. This contradicts (1.1) and our lemma is proved. Let/(z) and g(z) be the generating Laurent series of the two normalized sequences {a« }*_"_«,, {èM}JJ°_«. The sequence {c/i}^J°_" defined by where the summation is to be extended over all distinct sets (jo,ju jt, • of w + 1 strictly increasing integers (not necessarily positive).
It is known that, if we put erty (P). Using this fact, (2.3) and Lemma 1, we easily obtain: Lemma 2. Let /(z) denote the Laurent expansion of a n.t.p. sequence, then the Laurent expansion of e'^+^fiz) (e > 0), has the property (P).
3. The reciprocal of a Laurent series. Let (1) be normalized and consider its generating Laurent series (2) . There will obviously exist 7?3(> 1) such that both (2) and
converge in the ring
Moreover, the a's and b's will be connected by the infinite system of equations
where 50o = l and S"0 = 0 if ß^Q.
As suggested by the elementary theory of finite systems, we consider the determinant A®nJrl) as well as the determinant Ao"+i)ij, k) which is the minor obtained by deleting the (w + l+j)throwandthe (» + l+£)th column of A$n+1)[-n^j^n;
-n^k^n]. With this notation, we obtain: Lemma 3. Let (1) be a real, symmetrical normalized sequence; let (2) be its generating Laurent series, and assume fil) >0. Then
and the b's are given by
We first note that the assumptions of this lemma obviously imply that K4>) = fie'*)
is positive for real values of </>. Then, applying a theorem of the author [3] , we obtain the formulae (3.2). Proof. Let
be the inverse of the matrix
As observed by Aissen, Schoenberg, and Whitney [2] , the total positivity of the matrix
follows from the total positivity of (3.3).
Now in view of (3.2), we have
(-1>*~V..
< jù h< ki < ■ < ki), so that, if the matrix (3.3) is totally positive, the left-hand side of (3.4) is certainly not negative. Hence, the sequence {( -1 )"£>"} í-» is t.p.; as it is obviously normalized and symmetrical, our lemma is proved. /i=-00 v=l converges for \z\ >\/R\\ the coefficients pß are non-negative.
[May Proof. The proof of the lemma depends essentially on the identities (2) ,
Assertion (i) is a consequence of Fekete's lemma [7, p. 558] . We now prove
(ii). From (4.6), we obtain (4.7)
As the coefficients of the J"s are positive, it follows from (4.7) that all the coefficients [except the constant term which is l] decrease if we increase I and keep n fixed. This proves (ii) and also the convergence of E"=i £**• Observing that, for a positive z, lim zT{m'n\z) > 0, m-*+» we deduce from (4.5) the existence of the limit in (4.1). This proves (iii) and (iv) simultaneously.
To prove (v), we note that the coefficients of the Laurent expansion In view of (4.9)
so that the coefficients of (4.3) are all positive. To find the region of convergence of (4.3), we observe that (m.n) pm+1 = U, so that, using (4.10) and (4.11), we also obtain If fn+i<r«> we return to the formulae (4.6) which define the quantities £m" as ratios of determinants.
Observing that We may then compare E»" m £>,n-i to the remainder of a geometric series. This comparison leads again to (4.17). Combining (4.14) and (4.17) we complete the induction which proves (4.16) and, therefore, (v).
To prove (vi), we observe that (4.2) implies ,, ;"\ C«+D (n) (n) both have the property (P). Hence Lemma 5 proves the existence of two entire functions Qiiz) and Qiiz) such that (i) e2+*~y(z)Gi(z) is regular for | z\ > 1/ft, (ii) e2+2_1/(l/z)G2(z) is regular for \z\ >l/ft. Now (ii) implies that Q2il/z)fiz) is regular for 0 < | z\ <ft so that giz) is regular for 0<|z| <ft. Similarly (i) shows that giz) is regular for \z\ >l/ft. Hence giz) is quasi-entire. Now
As the coefficients of the Laurent expansions of both e*+*~/(z)Gi(z) ancl ez+z~fiz)Q2i\/z) are non-negative, we obtain
[^VWGiOO]&<!/*) > 0 fora è 1, such that each of the two functions
is quasi-entire. Now Lemma 6 also shows that the latter function does not vanish for z>0, so that Lemma 8. Let /(z) denote the generating Laurent series of a n.t.p. sequence. Then the analytic continuation of/(z) is necessarily of the form
(Oá«,<l, 0^/3"<l, 0^7»<L 0^5,<1; ¿2 (a"+^+7v+5,)<^), where \p(z) is quasi-entire and k is an integer. If, in the definition of a normalized t.p. sequence, we omit condition (ii) of §1, the analytic continuation of f(z) either vanishes identically or else is still of the form (5.1). However, in the latter case, the inequalities a" < 1, ß, < 1, 7-< 1, S" < 1
are not necessarily true.
Proof. We first assume that (1) is n.t.p. Then, by Lemma 6, we know that the analytic continuation of /(z) is of the form _«(*)_ n;=id -m) n;.id -«W where g(z) is quasi-entire. Now /(z)/(l/z) generates a symmetrical n.t.p.
(cf. [8, pp. 365-366]), so that Lemma 7 implies
Hence the roots of g(z) are to be found among the roots of the function n (1 -f^)(l -I".r*)(l -w)(l -«rsr^il + ^)(1 + ^z-1).
As g(z)>0 when z>0, we see that these roots are also negative; this proves the first part of Lemma 8. The other statements of the lemma trivially follow from this first part.
6. Determination of the exponential factor. Lemma 9. Let (1) be a n.t.p. sequence. Then the analytic continuation of f(z) is of the form (5.1), where the Laurent expansion of the quasi-entire function \¡/(z) is of the form (6.1) *(s) = «i« + (M*-1 + E <?2"Z2*.
Proof. As (1) is a n.t.p. sequence, the coefficients of the Laurent expansion The Laurent expansions of /(z) arid/(l/z) both generate n.t.p. sequences so that the same is true of the expansion of/(z)/(l/z).
Moreover, this expansion is obviously symmetrical so that, by Lemma 4, the expansion of l//(-z)/(-l/z) also generates a n.t.p. sequence. Hence, by Lemma 2, the Laurent expansions of the two functions (6.10) e^+^Mfil/z), e^^/fi-z)fi-\/z) both have the property (P). We may apply Lemma 5 to the sequences generated by these two expansions; hence, by assertion (vii) of this lemma, we we have Afi(r) =«i(r), 7kr2(r) = w2(r), and (6.11) Mi(r)ili2(r) = exp {2yi(r + r~l)} "(l+q,r)(l+ttyr-1)(l+)3yr)(l+^r-1)(l+7,r)(l+7>r-1)(l+5>r)(l+g>r-1) tí (l-a,r-1)(l-,3,r-I)(l-7,r-1)(l-Ô"r-1)
As the coefficients of the expansion of u2ir) are non-negative, there obviously exists an integer X, and a positive constant L, such that Miiry ^ L (r > 1).
Hence, by (6.11), the increase of Afi(r) is dominated by the increase of an entire function of order 1. This implies (6.12) 0 = »2 = d4 = vt = • • • , and in view of (6.9), our lemma is proved.
Lemma 11. Under the assumptions of Lemma 9, and with the same notation, we also have (6.13) q2, = f.*, = 0 (x = 1, 2, 3, • • • ), (6.14) ft ^ 0, ?_ifcO.
Proof. The Laurent expansions of the two functions have the property (P) [by Lemma 2] . We may now argue, with these two
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use functions, exactly as we argued, in Lemma 10, with the two functions (6.10).
In view of (6.7) we shall obtain a formula analogous to (6.11). The conclusion which corresponds to (6.12) is now (6.13). It is easily verified that qi and ç_i must be real and e3°>0. Hence it suffices to show the impossibility of (6.16) ?i < 0, ç_i < 0.
If the first of these inequalities were true, we could find e(>0) such that ?i + e < 0;
hence for z>0, and for every positive r, we would have By Lemma 5, the coefficients of the Laurent expansion of F(z) are nonnegative, so that (6.17) would imply F(z)=0. This is impossible because (1) is normalized. Arguing with/(l/z) instead of/(z), we also have g_i^0, and Lemma 11 is completely proved.
Schoenberg has shown that the only t.p. sequences which cannot be normalized by a substitution z\%z (x>0) are of the form (6). Hence our theorem trivially follows from Lemma 11.
